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^ ' Abstract. We use the Cauchy-Crofton formula to show that every Q-bounded definable cell in an 

^ ' 0-minimal expansion of a field F > R satisfies the Whitney arc property. 

^ . 

1. Introduction. 

O I The purpose of this paper is to apply the Cauchy-Crofton formula to prove that a cell in an 

J ■ 0-minimal expansion of an ordered field F satisfies an analog of the Whitney arc property. A 
(-^ I subset j4 C M" satisfies the Whitney arc property if there is a G M>o such that for all x,y G A 
there is a curve 7 in A joining x and y with length(7) < K\x — y\ (Whitney, [7J). 

Kurdyka shows in [ij that subanalytic subsets of M" have a stratification such that each strata 
is built out of Lipschitz functions. A consequence is that each strata satisfies the Whitney arc 
property. The author's thesis [6] contains an analogous result for definable sets in an 0-minimal 
expansion of an ordered field, and Pawlucki [5] proves that every definable set has a decomposition 
l/^ ' into subsets which, after a permutation of the coordinates, are cells built from Lipschitz functions. 
. By combining the results of this paper with the cell decomposition theorem we obtain a new, 

conceptually simpler proof that definable sets have decompositions into pieces which satisfy the 
Whitney arc property; moreover, any cell decomposition will do, and the curves witnessing the 
Whitney arc property may be chosen so that they vary definably with their endpoints (theorem 
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I 15. 6p . Berarducci and Otero's work [Ij allows one to define the length of a Q-bounded definable 
O ■ curve. 

Acknowledgements. I would like to thank Patrick Speissegger for suggesting the questions 
■ that became the topic of my dissertation [6] and inspired this work. 
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^ , 2. Preliminaries. 

2.1. The Berarducci-Otero measure in an o-minimal structure. We fix an 0-minimal ex- 
pansion of an ordered field extension F of M. A set A c¥'^ is Q-bounded if there is a g E Q such 
that A C [-q,qf. 

We give a description of the real- valued additive measure defined in [Ij . This measure is defined 
on a Boolean algebra of of subsets of F" which includes the definable Q-bounded subsets of F". 

Definition 2.1. B C is a polyrectangle of dimension d if B is a finite union of rectangles 
[Qi^fi) X • • • X [qdji^d) with rational coordinates qi,ri. The set VTZ^'^\¥) is the set of polyrectangles 
of dimension d o/F. The volume of a rectangle [qi,ri) x • • • x [qd,rd) is 

d 

K[qi,n) X • • • X [qd,rd)) = Ylin - qi). 

1=1 

If a polyrectangle P is the disjoint union of rectangles Ri, i = 1, . . . ,m, then fJ-{P) := ^^^i fJ-iRi)- 
Definition 2.2. Let A c¥'^ be a Q-bounded set. The outer measure of A is: 

fi*{A) := inf{//(P) : P D A, P e VTZ'^''^ {¥)} . 
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The inner measure of A is: 

H4A) := sup{/i(P) :PcA,Pe P7^('^)(F)}. 
Here the infimum and supremum are taken in R. 

A Q-bounded set A is measurable if = ^*{A), and in this case the measure of A is 

defined as ^i{A) := = ^*{A). One of the main results in [1] is the fohowing 

Theorem 2.3. Let A be a ^-bounded definable subset ofW^. Then A is measurable. Moreover, if 
dim(^) < d then ^{A) = 0. 

Let ^ C F'^ be Q-bounded. For / : F'^ — ^ F>o, we define 

/:=M[0,/)a), 

provided that [0, f)A ■= {{x, y) : x G A,0 < y < f{x)} is measurable. For general / : F*^ — > F, we 
put 

^ f-= [ f^- [ f-, 



provided both terms on the right exist, where and /~ are, respectively, the positive and negative 
part of /. 

This integral can be used to define the length of a definable curve 7 : {a,b) — > F", with 
(a, b) and Im(7') Q-bounded, by 

length(7) := / |7'(2;)|. 

J{a,b) 

2.2. The Cauchy-Crofton Formula. Let Cc{M) be the collection of compactly supported contin- 
uous real valued functions on a manifold M. A measure on M is an R-linear mapping Cc{M) — > R 
such that: for each compact K C M, there is a constant rriK such that for every continuous / with 
compact support contained in iC, 



/ f <raK sup \f{x) 



Let M be a manifold together with a left action of a Lie group G. A measure in M is G-invariant 

if for all G G and / G Gc(M), 



/= / f°Lg, 

M JM 

where Lg : M — M denotes the left action by g, that is Lg[m) = g ■ m. 

Let G be the group of isometries of R". Let j4Gr„_i(R") be the affine Grassmannian of hyper- 
planes in R", that is, AGr„_i(R"') is the collection of all affine hyperplanes in R". The group G 
acts on j4Gr„_i(R") in a cannonical way, and 74Gr„_i(R") has a measure which is invariant under 
the action by G. Furthermore, a G-invariant measure in ^Gr„_i(R"') is unique up to a constant 
factor. 

The Cauchy-Crofton formula expresses the length of a compact, embedded curve in R" as the 
average number of points of intersection of the curve with a hyperplane in R". 

Theorem 2.4. Let G be the group of motions ofW^. Then there is a G invariant measure dL on 
j4Gr„_i(R") such that for any compact embedded 1-dimensional submanifold 7 o/R", 



length(7) = / [7 n L\dL, 

JAGrn-iiM.") 



I") 

where for L G ylGr„_i(R'"), I7 n L\ is the number of points of intersection of 'j with L. 
See [3] 3.18 for a proof. 
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3. The length of a definable Q-bounded curve. 

We prove in Theorem 13.31 that any definable Q-bounded curve can be reparametrized by a 
definable, piecewise map with finite first and second derivatives. 

An element x of is finite if it is bounded in magnitude by some natural number, infinite 
otherwise and infinitesimal if |x| < r for every r S IR>o; in the last case we write x ~ 0. For a 
finite x G F the monad of x, denoted by ii{x), consists of all y G F with y — x ~ 0, we write y ~ x 
for y £ /x(x) and we say that y is infinitesimally close to x. For finite x G F the standard part 
of X is st{x) := sup{r € M : r < x}. If x = (xi, . . . , x„) G F" is finite, st{x) := (st(xi), . . . , st(x„)). 

Lemma 3.1. Let f : (a, 6) — > {c,d) be a definable and twice differentiable function, where 
(a, 6), {c,d) C F are Q-bounded. Then f is finite outside a finite union of monads. 

Proof. For r G F>o, let Ar := {x G (a, 6) : |/'(x)| > 1/r}. The family {^r}r6F>o is a definable 
family of sets. Let r ~ 0. By the mean value theorem (see 12]), any interval contained in Ar is 
of infinitesimal length. Since Ar is definable, it follows from 0-minimality that Ar is contained 
in a finite union of monads; let Ur be the minimum number of monads containing Ar. By cell 
decomposition, there is an G N such that for every r G F>o the set Ar is a union of at most N 
disjoint intervals and points. Let s be such that 

Us = maxrij., 

and let A be the finite union of the Ug monads containing Ag. For r < s, Ar C Ag so Ar C A. For 
r > s, r ^ 0, As C Ar so is at most n.^; since Us is maximal, = Ug and therefore Ar must be 
contained in A. f is finite away from A. □ 

Let (a, b) C F. We define (a, 6)m := (a, b) n R. For a function / : (a, b) — > F" with Q-bounded 
image we define / : {a,b)u — > R by J{x) = st(/(x)|. Similarly, if A C_F™ and f : A — > F" 
maps finite elements into finite elements, we define / : A^ — > M"" by /(x) = st{f{x)) where 
Ak :=^nM'^. 

Lemma 3.2. Let f : {a,b) — > (c, d) be a definable and twice differentiable function, where 
(a, b), (c, d) C F are Q-bounded. Suppose that for x ^ a,b both f and f" are finite. Then fis differ- 
entiable on the interior o/ (a, and for x G (a, 6) with st{x) G Int((a, st[f'{x)) = f {st{x)). 

Proof. We first consider the case where G (a, 6) but 56 a, 6, /(O) = 0, and /'(O) = 0. Let 
e G M>o. If 5 ~ and 6 > 0, then I'^Tpl < e whenever \h\ < d. Otherwise there would be a (5 > 0, 
5 « and h G (a, 6), \h\ < 6 with 

' h ' ' 

thus by the mean value theorem there is an x between and h such that |/'(x)j = j^^^l > e, and 
a z between and x with = l^^-^l, but this last fraction is infinite. This shows that the set 

{6 G F>o : for all h G (a, 6), \h\ < 6 ^ \^\ < e/2} 

h 

contains all positive infinitesimals. This set is also definable, so by the cell decomposition theorem 
it is a finite union of intervals and points and therefore it must contain a positive real 5. This shows 
that / is differentiable at and / (0) = 0. 

For xo in {a,b) with si(xo) G Int((a,6)K), consider the function 

g{x) := /(xo - x) - /(xq) - /'(xo)x. 

Since g{0) = 0, ^'(0) = and is not infinitesimally close to the endpoints of Dom{g), If is 
differentiable at and ^'(0) = 0. It follows that / is differentiable at st(xo) with derivative 
si(/'(xo)). □ 
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Theorem 3.3. Let 7 : (a, 6) — > F" be a definable curve with Q-bounded image. Then, there are 
ao = a < ■ ■ ■ < ttk = b such that each restriction a-^i) either constant or has a reparametriza- 
tion a with a' finite, cr"{x) finite for x 96 ai,aj+i, and with a an embedded -curve in M". 

Proof. By the C^-cell decomposition theorem 7 is piecewise C^, so without loss of generahty we 
can assume that 7 is C^. Also 7' = in a finite union of intervals and points, and 7 is constant on 
those intervals where 7' = 0; thus we may assume that 7' 7^ 0. Similarly we can assume that 7 is 
injective. 

Let Gri(F"') be the Grassmannian of 1-dimensional subspaces of F". Then Gri(F") is the disjoint 
union of the definable sets 

Ai := {I € Gri(F"') : I = (v), \vi\ > \vj\ for j > i, and \vi\ > \vj\ for j < i}. 

Let cj) : {a,b) — > Gri(F"') be the Gauss map of 7, that is (p{t) = {'y'{t)). The sets (p~^{Ai) are 
definable, and therefore are a union of intervals and points. Suppose that I is one of these intervals 
and let J := 7i(/)- Since 7^ 7^ on /, J contains an interval; and since J is a finite union of intervals 
and points the intermediate value theorem shows that J is a single interval. Moreover, J is Q- 
bounded. We define aj : J — > F" as aj := 707"^. Then aj is a function since 7i|^ is invertible 
with inverse. Moreover, a'j is finite: for x G J, cr'j{x) generates the line {jj^^ (x))) € Ai thus 
(a/)^(x) > {aiY^ix), but {ai)[{x) = 1. 

By the cell decomposition theorem and Lemma l3.H there are points bQ,...,bk such that J = 
{bo,bk), cr'l and a'" exist on and are finite except possibly on the monads of bi and fej+i. 

Lemma 13.21 shows that for the restriction a of aj to one of this subintervals a, a' are differentiable 
and a' = st{a'), a' = st{a"). Since st{a') = a' it follows that a is twice differentiable. Finally, 
{p)i{t) = t, therefore for (c, d) C Dom(CT) we have 

a((c, d)) = {x G M*^ : c < Xj < d} n Im(a) 

showing that is an open map and therefore an embedding. □ 

4. The Cauchy-Crofton formula for the Berarducci-Otero length 

We prove that for a Q-bounded, injective, definable curve 7 in F", the length of 7 is the average 
number of points of intersection of 7 with an affine hyperplane defined over R. The proof is a 
reduction to the standard Cauchy-Crofton formula for the length of a curve in M". The main point 
is that the number of points of intersection of 7 with a hyperplane L defined over the reals is the 
same as the number of points of intersection of the standard part of 7, namely 7, with the real 
points of L, as long as L is not tangent to the curve 7. 

Lemma 4.1. Let f : B — > [0,q] be a definable function, where B C ¥^ is a Q-bounded box and 
g € Q, then f is Riemann integrable, and 




Proof Let P be a polyrectangle. If P D [0, /), then P_D [0, /). Thus, /i*([0, /)) > /u*([0, /)). Also, 
if P C [0,/) then P C [0,/). Thus ^*([0,/)) < ^=,([0,/)). Since [0,/) is /i-measurable we get 

/i*([0,7))<M[0,/))</f^*([0,7)). 
But /x*([0, /)) > /i*([0,/)), thus [0,/) is /i-measurable, so / is Riemann integrable. Moreover, 

/ 7 = M[o,/))= / /. 

J J B 

□ 
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Let 7 : [0, 1] — > F" be a definable curve with Q-bounded image 7' finite and 7"(x) finite for 
X 96 0, 1. We will assume that 7 is an embedded curve in M". 



Lemma 4.2. Let f : AGvn-iO^'^) — ^ function 

f{L)- 

Let /o := /UGr„_i(R")) '^''T'd let g : ylGr„„i(]R") — > M be the function 

9{L)- 

Then 





if I7 n L\ is finite 
otherwise. 



if I7 n L\ is finite 
otherwise. 



[ 9 = [ fo. 

JAGr„„i(M") JAGr„_i{M") 



Proof Let L G AGrn-i(W^) C ylGr„_i(F"), and denote by Lr the set of M-points of L. Suppose 
that L]g intersects 7 transversely and let p € 7 fl L. Then there are to < such that 7I [to, ti] fl L = 
{p} and ^(to), 7(ti) lie on opposite sides of L. Then 7(to)) 7(^1) must lie on opposite sides of L, 
so there is a t € {to,ti) such that ^{t) G L. Since t « and 7' is finite, j{st{t)) ^ lit). Thus 
st{'y{st{t))) = st{'~f{t)) G = Lk, i.e. 7(st(t)) G L. But L intersects 7 only at p when the 

parameter runs in [^0,^1] and ,st{t) G [^0,^1] so 7(st(t)) = p, in particular 7(t) f» p. It follows that 
9iL) < /(-^^) whenever L is transverse to 7. 

On the other hand, if f{L) > then there are two infinitesimally close points of 7 in L, that 
is, there are 7(^0), 7(^1) S L with 7(to) ~ 7(*i) and say to < Since 7 is injective, we have 
to ~ ti. Assume to 7^ 0, 1. By Lemma [321 for all s,t ^ to, and i = 1, . . . , n, we have 7^(s) ~ 7i(i)- 
By the mean value theorem, there are ui, . . . ,Un & (to, ti) such that 7-(uj)(ti — to) = 7i(ti) — 7j(to), 
therefore for all t ~ to, 

7'W~-^(7(ii)-7(io)). 
ti — to 

This means that st(7'(t)) is paralel to st(^-4^(7(ti) — 7(^0)), in other words, if I is the secant 
line through 7(to), 7(ti), we must have st{l) tangent to 7 at st(to). In particular, we have that 
L is tangent to 7 at some point of 7. Thus f{L) < g{L) whenever L is transverse to 7 and not 
infinitesimally close to 7(0), 7(1). We have shown that /UGr„_i{R") and g agree almost everywhere, 
thus the conclusion follows. □ 

Corollary 4.3. Let 7 : [0, 1] — > F" he a definable curve with Q-bounded image, 7' finite and 7"(x) 
finite for x 0,1. Suppose that 7 is an embedded curve in M". Then, 



length(7) = / |7 n L| dL. 

iAGr„_im") 



'AGr„_i(K") 

Proof. 7 is an embedded curve, so by the Cauchy-Crofton formula 



length (7) = / I'^n L\dL. 

iAGr„_i(R") 



By Lemma |4.H length (7) = length (7), so the corollary follows immediately from lemma D 

Let 7 : [0, 1] — > F" be a definable, injective curve with Q-bounded image. Suppose that 
= ao < • • • < flfc = 1 is a partition of [0, 1] such that: 

Each restriction 7|j^^, „ ^.i)' ^ = 0, . . . , A;— 1, has a reparametrization Oj with a[ finite, a'-{x) finite 
for X 96 0, 1, and an embedded curve in R" (theorem 13.31 guarantees that such a partition 
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always exists). Then 

k-l 



/ \ainL\dL= / \jr\L\dL. 

JAGr„-T(R") JaG„.--,(R") 



J AGr„-i{R") JAG„_i(R") 

Therefore we can define 

k-l 

length (7) := length (0^), 
1=0 

and this is independent of the partition and reparametrization chosen. We thus have: 

Corollary 4.4. (Cauchy-Crofton formula for the Berarducci- Otero length) Let 7 : [0, 1] — > F" he 
a definable, injective curve with Q-bounded image. Then, 

length(7) = / It H L| dL. 

J AGrr^-liR"') 

5. Length in definable families of curves 

We now prove that there is a bound on the lengths of the curves in a Q-bounded definable family. 
We conclude by using this result to prove that cells have the Whitney arc property. 

Definition 5.1. Let yl C F", 5 C F™ be definable sets. Let X C A x ([0, 1] x c F" x F1+'" be 
a definable set such that for every x £ A, the fiber over x 

Ax :={y e [0,1] x5: (x,y) G A} 

is a curve : [0, 1] — > B. We view X as describing the family of curves {Xx}x&A- Such a family 
is a definable family of curves (in B, parametrized by A). 

Definition 5.2. A definable Q-bounded set ^4 C F" satisfies the Whitney arc property if there 
is a number K G M>o such that for every x,y G A there is a definable curve 7 : [0, 1] — > A with 
7(0) = a, 7(1) = b and length(7) < K\x — y\. 

Proposition 5.3. If A C F™ is definable and definably connected, then there is a definable family 
of injective curves X C x ([0, 1] x A) such that for every o, a' G A, Xi^a,a')i^) = ^{a,a')(,^) = o', 
and X(^a,a') piecewise C^. 

Proof. We use induction on m. The case m = 1 is trivial. For m > 1, assume first that A is a cell. 
By induction, we may assume that A is an open cell in F™, for, if A itself is not open, then A is 
the graph of a function g : U — > ¥, U C F™"^, and we may lift the paths in U to paths in A by 
using g. Let C be the projection of A into F™"^ so that A = {f,g)c for some definable functions 
/, g on C. By induction there is a definable family of curves A in C with the required property. 
Assume that /, g take values in F (the other cases are handled similarly). Let {y,r), {z,s) G A 
with y,z £ C. We first connect (y,r) to (y, (/(y) + g{y))/2) by a vertical path in A. The path 
^[y^z) ill C* connecting y and z lifts to the path 

t {\y,z){t), {f{\y^z){t)) + 5(A(j,,,)(t)))/2) 

connecting (y, {f{y) +g{y))/2) to {z, {f{z) + g{z)) /2). The last point can be connected to [z,s) by 
a vertical path in A. Concatenating these three paths, we get a path X(^(^y^j.-^^(^z,s)) in ^ connecting 
(y,r) and {z,s). The collection of these paths constitutes the required definable family. 

In the general case, since A is definably connected, we can write it as the union of cells Ci, . . . , C^, 
where for i < /c either Cj intersects the closure of Cj+i, or Cj+i intersects the closure of Q ([2] 
Chapter 3, (2.19)). By definable choice ([2] Chapter 6, (1-2)), we can definably pick an element 
e(Ci,Cj+i) in Cj n Cj+i (if Cj fl Cj+i 7^ 0) and a definable curve 7^ : (0,e] — Cj+i such that 

limj >o7i(^) = e(Ci, Cj-i-i). Combining this with the fact that the result was already proved for 

cells we get the desired family A. □ 
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Lemma 5.4. Let X C Ax {[0,l]x B) c F" x F'"+-'^ be a definable and Q-bounded family of injective 
curves. Then there is a K & M>o such that for any x €z A, length(A2;) < K. 

Proof Let A C ^ X ([0, 1] x C F" x F™+i be a definable family of curves. By [2\, Chapter 3, 
(3.6), there is a natural number such that for any affine (m — l)-plane L C F™ and x S ^, if 
L n Aa; is finite then it contains at most N points. Let 

A:= U A.([0,1]). 

Take x € A, then by Corollary 14.41 

length(A3;) = / \X^nL\dL< [ NdL = N [ dL. 

The last integral is finite since A is Q-bounded, thus 

K ■.= N I dL 

is the required constant. □ 

Corollary 5.5. If A C F" is definable, Q-bounded, and definably connected, then there is a definable 
family of injective curves X C A"^ x {[0,l]x A) and K € 'R^^such that for any pair of points x,y G A, 
^{x,y) 0, piecewise curve in A joining x and y with length(A(a. y)) < K. 

For a = (oi, . . . , a„) € M", and a = {ai, . . . , a„) E (0, oo)". The a- box centered at a is the open 
box 

(xi, . . . G M" : Xj G (oj - y,ai + y)| . 

In what follows we use the max norm in F", that is for x = (xi, . . . ,Xn) € F", |x| := max{|xi| : 
i = l,...,n}. 

Theorem 5.6. Let j4 C be a cell. If A is Q-bounded, then there is a K ^ M>o and a definable 
family of injective curves 7 C x [0, 1] x A such that for x,y & A, 7a;,j/(0) = x, 'yx,y{'^) = y, and 
length(7a;^y) < K\x — y\. In particular A has the Whitney arc property. 

Proof. For A G F>o and a G F" let fa,\ : F" — ^ F" be the dilation about a, that is fa,\{x) = 
A(x — a) + a. Let a = (ai,...,an) G (0, For every a & A and 5 G (0,1) C F, the set 
B{a, 5a) fl vl is a cell and therefore is definably connected. For a € A and 5 G (0, 1) define 

Bs,a ■■= fa,i/s{B{a,6a)nA). 

This set is Q-bounded. Also, Bs^a is definably connected since B{a,5a) CiA is. By Proposition 15.31 
there is a definable family of curves A'^''^ C Bj^ x ([0,1] x Bs^a) such that for b,b' G Bs^a, A^'^, is 
piecewise C\ Xl'l,{0) = b and A^;^,(l) = b' . Consider 

A := m a, X, y, e, z) G ((0, 1) x A x (F")^) x ([0, 1] x F") : (x, y, e, z) G A-^'-^}. 

This is a definable and Q-bounded family of curves. Thus by Lemma 15.41 there is a Ki G M>o such 

that for every 5 G (0, 1), a & A, and 6, b' G Bs^a, length ^A^'^,^ < Ki. 

Similarly, by Corollary [53] there is a definable family of curves A C x ([0, 1] x A) and K2 G M>o 
such that for each x,y £ A, A^^y : [0, 1] — > A is a piecewise curve in A joining x and y, and 
length(A^,j^) < 7^2- 

Now let x,y be distinct points in A, and assume that |x — y| < min{Qj/3}. Let 

s--=^-r — T, y' ■=fx,i/s{y) = T{y-x) + x. 

minjajl ' 
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Then 5 E (0, 1) and for any j, 



3 aj dttj 

-yj\< n^-f — -y\ = -TT- 



Thus, y G B{x,5a), that is, y' G -B^,^- Consider the curve A^'^, in B^^^^ joining x and y\ and let 
-i^^y : [0, 1] — > F" be defined by 

l.At) ■■= LMlit)) = '^(Ajy (t) -x)+x. 
Then ^x,y{t) is a curve in A joining x and y, and moreover, 

length(7a; = ^length (a^.'^) < 5Ki = \x - y\. 

Now assume that |x — y| > ^ minjaj}, and let yx,y ■= ^x,y Then 7 is a curve in A joining x and 
y and 

length (7a. J,) < -\x - y\ < ——^ — Ax - y\. 

\x — y\ mmjajl 

The collection of curves '~^x,y constitutes the required definable family. 

3max{Ki,/C2} 

— 1 ' 

mmjajl 

is the required constant. □ 

As an immediate consequence we have: 

Corollary 5.7. Let A C F" he a definable and Q-bounded set. Then any cell in a cell decomposition 
of A satisfies the Whitney arc property. 
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